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We present a table-top quantum estimation protocol to measure the gravitational acceleration g by
using an optomechanical cavity. In particular, we exploit the non-linear quantum light-matter interac-
tion between an optical field and a massive mirror acting as mechanical oscillator. The gravitational
field influences the system dynamics affecting the phase of the cavity field during the interaction.
Reading out such a phase carried by the radiation leaking from the cavity, we provide an estimate
of the gravitational acceleration through interference measurements. Contrary to previous studies,
having adopted a fully quantum description, we are able to propose a quantum analysis proving
the ultimate bound to the estimability of the gravitational acceleration and verifying optimality of
homodyne detection. Noticeably, thanks to the light-matter decoupling at the measurement time, no
initial cooling of the mechanical oscillator is demanded in principle.
I. INTRODUCTION
Accelerometers are crucially important in a variety of
technological applications; consumer electronic products
such as cameras and modern smartphones, airbag de-
ployment systems, seismology, as well as aerospace and
inertial navigation being just a few of the most widely
known examples [1]. In recent years, new classes of de-
vices based on quantum principles have been developed
to provide clear advantages over conventional systems.
One of the most notable examples is that of cold atom
gravimeters [2–4], which promise much improved stability
over classical technologies.
The key principle consists in the sensitive measurement
of the displacement of a test mass, which can be im-
plemented via capacitive [5], piezo-electric (or resistive)
[6], optical [7] or atom-based [4] structures. Increasing
demand in industrial and consumer applications has re-
cently pushed research towards the miniaturization of
accelerometer devices. It is in this direction that micro-
electromechanical systems (MEMS) accelerometers based
on silicon technology have become very attractive. At the
same time, the sensitivity of these devices has allowed
for a range of applications, e.g. the measurement of the
Earth’s tides [8]. However, typically such systems are
operated in a regime where the test mass displacement
is inversely proportional to the square of the mechani-
cal frequency, ∼ a/ω2. This undermines the resulting
performance since high-speed operations rely on large
resonance frequencies. It is to overcome such difficulties
and optimise the tradeoff between noise sensitivity and
bandwidth that optomechanical accelerometers, which
make use of ultrasensitive displacement readouts using
a photonic-crystal nanocavity, have been experimentally
implemented [9].
On the other hand, optomechanical systems have been
widely used in a range of different platforms from the
quantum-to-classical transition [10, 11] and the test of
fundamental physics [12] to the preparation of nonclassical
states[13, 14]. Thanks to the very particular light-matter
interaction, optomechanical cavities provide an excellent
framework to investigate the quantumness of massive
objects. The system dynamics can be reconstructed by
reading out the light field escaping from the cavity through
high precision interference measurements below the stan-
dard quantum limit [15], i.e. the position uncertainty
in the quantum ground state of the mechanical object.
A straightforward implementation of this procedure is
featured in force sensing [16–18], which has paved the
way to many investigations on the quantum nature of
light and macroscopic objects [19]. Indeed, optomechan-
ical cavities have been recently proposed to witness the
observation of exotic dynamical modifications [20, 21] as
well as gravitational induced decoherence [22]. It is in this
direction that we propose a fully quantum investigation of
the theoretical effectiveness of measuring the gravitational
acceleration g using optomechanics.
In particular, we present a method based on the mea-
surement of the phase shift of an optical field after its
interaction with a massive quantum oscillator. Relying on
the initial preparation of the light in a coherent state, the
protocol is resilient to optical losses [23], only requiring a
feasible cooling of the oscillator. This is possible thanks
to the achievement of a closed loop in the mechanical
phase space, which makes the protocol independent of the
initial thermal noise. We derive the ultimate quantum
bound on the precision that can be reached in probing
the gravitational field and show that it is obtainable with
the most established measurements on an optical field, i.e.
homodyne and heterodyne detection. Rather than provid-
ing a feasible experimental constraint on the resolution
of gravity estimation protocols, we aim to analyze the
quantum limitations arising from fundamental physics,
which could provide useful insights on the understanding
of the gravitational force. We apply tools from quantum
estimation theory and calculate the Quantum Fisher Infor-
mation (QFI) and the Fisher Information (FI) quantifying
the performance of our method. We finally evaluate the
corresponding signal-to-noise ratio to further discuss the
optimal accuracy of experimental measurements.
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2II. DESCRIPTION OF THE MODEL
We consider the system depicted in Fig 1 where an
optomechanical cavity is vertically oriented with the two
mirrors parallel to the ground. The upper mirror is in
a fixed position, while the other, of mass m, is free to
move under the effect of a mechanical harmonic poten-
tial, of frequency ω, and the gravitational field. We take
the length of the cavity at equilibrium to be L. If an
optical field in resonance with the cavity frequency ωc is
injected, the radiation pressure force displaces the mir-
ror by a length x from its equilibrium position (where
we assume x/L  1). Generalizing the approach in
Refs. [24, 25], the quantized Hamiltonian of the system
reads H = Hf + Hm + Hint + ∆U , where Hf = ~ωca†a,
Hm =
p2
2m +
m
2 ω
2x2 and Hint = −(~ωc/L)a†ax. Here,
a†, a (b†, b) are the creation and annihilation opera-
tors of the field (mirror), and x =
√
~/2mω(b† + b) and
p =
√
~mω/2i(b† − b) are the mechanical position and
momentum operators. The final term contains the con-
tribution from the gravitational field, and to first order
reads ∆U = −gmx, where g is the local gravitational
acceleration. Higher order contributions can give addi-
tional insight into the density profile of the Earth. As
an illustration, we will restrict our analysis to the second
order contribution in the displacement (which scales as
x2/R) and neglect corrections to the gravity gradient aris-
ing because of the influence of the local mass distribution
close to the ground. (Deviations from the expected quan-
tities could be evaluated with multi-parameter estimation
techniques.) We will thus consider
∆U ' −gmx
(
1 +
x
R
+O
(
x2
R2
))
, (1)
where R is the distance from the lower mirror at equilib-
rium to the center of the Earth. In this case, to solve the
dynamics, it is convenient to incorporate the quadratic
term proportional to x2 into a new unperturbed Hamil-
tonian H˜m with frequency ω˜ =
√
ω2 − 2g/R, so that H
can be rewritten as
H =Hf + H˜m −
(
~ωc
L
+mg
)
x
= ~ωca†a+ ~ω˜b†b− ~(g˜0a†a+ S)(b† + b) ,
(2)
where g˜0 = (ωc/L)
√
~/2mω˜ is the coupling constant and
S = mg
√
1/(2mω˜~).
Equation (2) shows how the gravitational field affects the
non-linear interaction by acting directly on the optome-
chanical coupling between the field and the mechanical
oscillator: together with the shift S, this provides an en-
hancement for the final readout of the modified dynamics.
Having provided a description of the model, we will now
discuss how the gravitational field influences the quantum
state of the system. For convenience, we adopt a frame
rotating with the cavity field, where the unitary evolution
operator reads [13]
FIG. 1: Conceptual scheme of the optomechanical cavity under
consideration. At the equilibrium, the mechanical mirror is
found at a distance R with respect to the center of the Earth
(and L with respect to the other fixed mirror) when the cavity
is empty. The injected light field displaces it via radiation
pressure by an amount x.
U(t) = ei(k˜n+S˜)
2(ω˜t−sin ω˜t)e(k˜n+S˜)(ηb
†−η∗b)e−ib
†bω˜t, (3)
with n = a†a the number operator of the field, η = (1−
e−iω˜t), k˜ = g˜0/ω˜ and S˜ = S/ω˜ (see Appendix A). This
generator corresponds to a conditional displacement of
the mirror in the mechanical phase space with amplitude
(k˜nˆL + S˜)|η|. Let us consider an initial state |Ψ(0)〉 =
|α, β〉, with |α〉f and |β〉m = |βr + iβi〉m coherent states
for light and mirror respectively, then the state after a
time t is given by
|Ψ(t)〉 = e− |α|
2
2
∑
n
αn√
n!
ei(k˜n+S˜)
2(ω˜t−sin ω˜t)
× ei(k˜n+S˜)(βr sin ω˜t+βi(1−cos ω˜t))|n〉f ⊗ |γ(t)〉m,
(4)
where γ(t) = βe−iω˜t+(k˜n+ S˜)(1−e−iω˜t) is the displaced
coherent state of the mirror. By computing the expec-
tation values of the position and momentum operators
one can verify that the oscillator is driven along a closed
circle in phase space,
〈x(t)〉 =
√
2~
mω
[βr cos ω˜t+ βi sin ω˜t
+ (k˜Np + S˜)(1− cos ω˜t)]
〈p(t)〉 =
√
2~mω[βi cos ω˜t− βr sin ω˜t
+ (k˜Np + S˜) sin ω˜t],
(5)
with Np = 〈n〉 the intracavity photon number. Equations
(3) and (4) tell us that field and mirror are correlated
along the evolution (i.e. the system is in an entangled
state), and therefore no deterministic measurement can
be conducted on a single subsystem without causing the
probabilistic state collapse of the other part. On the
other hand, the global state becomes separable after
every mechanical period, independently of the initial
3conditions, and acquires an additional geometric-like
phase related to the area spanned in phase space. Such
independence is a valuable strength of our proposal,
which indeed only requires feasible initial cooling. Key
to our proposal is the fact that the information on the
mechanical dynamics carried by such a phase can be read
out by measuring the optical field escaping the cavity.
This feature will be discussed in detail in Appendix B,
where we consider the more general case of an initial
thermal state of the mirror.
III. ESTIMATION OF g
So far, we have shown how the motion of the massive
mirror affects the quantum phase that the state of the
system acquires along its evolution. We now discuss how
to readout the mechanical dynamics through a measure-
ment of the light field. In particular, we will assess the
effectiveness of our proposal to estimate the gravitational
acceleration g by comparing the precision obtainable with
practical measurement schemes with the ultimate bounds
set by local quantum estimation theory [26].
Let us start then from the definition of the QFI relative
to the final state (4) with respect to the parameter g. After
a mechanical period τ = 2pi/ω˜ the evolution operator in
Eq. (3) acts only on the cavity field, leaving the state of
the mirror unchanged. Moreover, if the field is initialized
in a pure state |α〉f and we evolve the system for a time τ
we obtain |ψg(τ)〉 = U(τ)|α〉f , where |ψg(τ)〉 is the pure
output state of the field and we have made explicit the
dependence on g. In this particular case the QFI related
to a completely positive map acting on the initial state of
the light after an interaction lasting a mechanical period
reads
Qg =4
(〈ψ′g|ψ′g〉 − |〈ψ′g|ψg〉|2)
= 4
(
A2(4N3p + 6N
2
p +Np)
+B2Np + 2AB(2N
2
p +Np)
)
,
(6)
where |ψ′g〉 is the derivative of the state with respect to
the parameter g, A = 2pi∂k˜2/∂g ' −4pig20/(ω4L0), B =
4pi∂(k˜S˜)/∂g ' 2pi(g0m/ω2)
√
2/~mω
(
1− 2g/(ω2L0)
)
with g0, L0, respectively, the coupling and cavity length
for a horizontally oriented cavity and assuming L0  R
(see Appendix C for further details). Note, when consider-
ing only first order contributions to the gravitational field,
then it is clear A = 0 and the QFI becomes linear in Np.
We know from quantum estimation theory that, when the
parameter does not influence the measurement aimed at
extracting information on the parameter itself [27], QFI
sets the ultimate lower bound on the estimation precision
through the so-called quantum Crame´r-Rao theorem,
Var(g) ≥ 1MQg &
L20ω
6
16pi2Mω2cNp
[(
1− ~ωc
L20mω
2
− 2g
L0ω2
)2
− 4Np
(
~ωc
L20mω
2
)(
1− 3~ωc
2L20mω
2
− 2g
L0ω2
)
+ 4N2p
(
~ωc
L20mω
2
)2 ]−1 (7)
where M is the number of measurements performed and
the dependence on the mirror mass and frequency, as
well as on the number of photons, has been made ex-
plicit. In principle, there always exists a POVM whose
FI saturates this limit. We will show that feasible and
widely adopted measurements schemes, together with
adaptive techniques, provide an effective method to probe
the gravitational field. Specifically, we will investigate the
performance of homodyne and heterodyne detection at
estimating the magnitude of the gravitational force. The
former consists of Michelson interferometry where the
reference radiation and the signal are derived from the
same source. It corresponds to a projection onto the light
quadrature operator eigenstates, Xφ|x〉φ = x|x〉φ, where
Xφ = xc cosφ+ pc sinφ, and (xc, pc) denote, respectively,
the position and momentum operators for the cavity field,
with φ the phase relative to the local oscillator. More
specifically, the light phase shift acquired during the in-
teraction can be analytically from the mean value (after
a closed loop in the mechanical phase space)
〈a〉 = αe−Np(1−cos(4pik˜2))ei[2pi(2k˜S˜+k˜2)+Np sin(4pik˜2)] . (8)
The real and imaginary parts of the exponentials in Eq.
(8), respectively, define the visibility of the interference
fringes and the additional phase acquired by the light,
the latter being equal to ϕ = 2pi(k˜S˜ + k˜2) +Np sin[4pik˜
2].
Since k˜ and S˜ are functions of the gravitational field, by in-
verting the expression of the phase one obtains an indirect
measure of g. Moreover, with Eq. (8) at hand, one is able
to reconstruct the observable Xφ = [ae
−iφ + a†eiφ]/
√
2.
We are now in a position to discuss the estimation preci-
sion by comparing the corresponding QFI and FI. It is
convenient to first write the quadrature operator eigen-
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FIG. 2: Quantum Fisher Information (blue dots) and Fisher
Information (red triangles) in the case of homodyne detection
as functions of the optomechanical coupling g0 (a) and of the
average number of photons Np (b). Cavity parameters are set
as ω = 2pi × 107 Hz, ωc = 1015Hz, L0 = 10−4m, m = 10−7Kg.
When varying the coupling the number of photons is fixed at
Np = 30. In both cases the homodyne phase is maximised to
φ = pi/2.
states in the Fock basis as [28]
|x〉φ = e−x2/2
(
1
pi
)1/4 ∞∑
m=0
Hm(x)
2m/2
√
m!
e−imφ|m〉, (9)
where Hm(x) are the m-th Hermite polynomials. Given
the expansion of |x〉φ, the FI related to homodyne detec-
tion reads
Fhomg =
∫
dx
(∂gp(x|g))2
p(x|g) , (10)
where p(x|g) is the conditional probability of obtaining
the outcome x in the gravitational field g
p(x|g) = |φ〈x|ψg〉|2
=
e−(Np+x
2)
√
pi
∣∣∣∣∣
∞∑
m=0
αmHm(x)
2
m
2 m!
eim[φ−2pi(k˜
2m+2k˜S˜)]
∣∣∣∣∣
2
.
(11)
In Fig.2 we show the QFI and the FI for homodyne de-
tection as functions of the optomechanical coupling g0
and the number of photons Np. On the one hand, the
precision increases with respect to both the characteris-
tic parameters of optomechanical cavities (g0 and Np),
witnessing the effectiveness of our scheme at perform-
ing gravity measurements. On the other hand, the ratio
Qg/Fg = 1 demonstrates the optimality of the light in-
terference measurement protocol.
Let us now explore another widely adopted estimation
scheme: heterodyne detection. This corresponds to a
projection onto a coherent state |ξ〉 whose conditional
probability is given by
p(ξ|g) =|〈ξ|ψg〉|2
= e−(Np+|ξ|
2)
∣∣∣∣∣
∞∑
m=0
(αξ∗)m
m!
e−i2pim(k˜
2m+2k˜S˜)
∣∣∣∣∣
2
,
(12)
where, contrary to homodyne detection, the dependence
on the phase parameter φ has dropped out. The FI can
be computed by integrating over the whole complex plane
spanned by coherent states,
Fhetg =
1
pi
∫
d2ξ
(∂gp(ξ|g))2
p(ξ|g) . (13)
Our numerical results show that the effectiveness of het-
erodyne measurement, quantified by the ratio between
FI and QFI, does not depend on any parameter, and is
found to be Fhetg /Qg ' 0.88. We thus conclude that it is
more convenient to perform a homodyne measurement on
the cavity field to estimate gravity with higher precision,
and nearly quantum limited.
IV. DISCUSSION
Finally, we should point out that the FI alone is not suf-
ficient to guarantee the quality of a measurement scheme,
particularly in the case of phase measurements, where the
power to discriminate between very small phase shifts is
usually required. Indeed, in such situations the signal-to-
noise ratio is an important figure of merit used to assess
efficient metrology. It quantifies how the genuine con-
tribution of the desired signal compares to the intrinsic
noise typical of the quantum measurement under consider-
ation. In particular, we can write the signal-to-noise ratio
relative to our proposal Rg and derive an upper bound as
Rg =
g2
Var(g)
≤ g2MQg , (14)
where Qg denotes the QFI for the parameter of interest
(or the FI in case of non-optimal measurements). An
important requirement for efficient metrology is to obtain
a large signal-to-noise ration with a reasonable number
of experimental runs, which translates into g2MQg  1,
where we have taken the QFI as the upper bound for the
inverse of the variance of a single measurement.
5Platform ∆g/g µGal/
√
Hz
Atom Interferometry [2] 1.3× 10−9† 8†
Superconducting gravimetry [29] 10−12† 0.3†
Falling corner cube [30] 2× 10−9† 15†
Atom-Chip Fountain Gravimeter [4] 1.7× 10−7†
(7.8× 10−10?) (5.3?)
Optomechanics 3.5× 10−10? 0.1?
†Achieved ?Predicted
TABLE I: Comparison between the relative accuracy ∆g/g
and the sensitivity (∆g/g)/
√
Hz converted in µGal/
√
Hz for
different kind of experiments.
Substituting common up-to-date values for the cavity pa-
rameters, e.g. Np ∼ 105, ω = 2pi × 105Hz, ωc = 1015Hz,
L0 = 10
−5m, m = 10−7Kg and considering M ∼ 104
experimental runs (which still allows us to use opti-
mal asymptotic estimators, such as the Bayesian or the
MaxLik estimator), we obtain Rg . 8 × 1018 which
corresponds to a theoretical bound for the relative er-
ror on the measure of the gravitational field as low
as ∆g/g = 1/
√
Rg & 3.5 × 10−10 or a sensitivity of
0.1µGal/
√
Hz. In Table I we provide a comparison be-
tween our predicted theoretical results and achieved (or
predicted) results in a selection of other platforms. We
infer that our scheme compares favorably to most of the
currently available technologies, in particular optomechan-
ics might offer a table-top, stable and robust framework
allowing ultra high-speed measurements.
V. CONCLUSIONS
We have presented a protocol to measure the gravi-
tational acceleration by using an optomechanical cavity.
Exploiting the light-matter interaction, we have taken
advantage of the light intensity enhancement of the quan-
tum phase acquired by the system during the evolution.
We have proposed a precise estimation technique by read-
ing out the mechanical dynamics in a gravitational field
via interference measurements on the optical field. More-
over, we have also provided a fully quantum description
of the model to assess the ultimate quantum bound on
the estimation precision and have shown how feasible
and standard measurement techniques (e.g. homodyne
and heterodyne detection) perform optimally and satu-
rate the Crame´r-Rao bound. The Berry-like nature of
the phase acquired alongside the evolution by the opti-
cal field, together with the light-matter decoupling at
the measurement time, ensures our scheme to be robust
against initial thermal fluctuations, thus not requiring
initial cooling of the mechanics. Our procedure has ap-
plications in many contexts where parameter estimation
is demanded and can also provide a platform for further
investigations on gravitation induced decoherence. Given
recent technological progress in miniaturization of op-
tomechanical apparatus, we hope that our investigation
will pave the way to portable accelerometers with a range
of possible applications, which may complement existing
devices.
Interestingly, a very similar result was independently
achieved and recently reported in Ref. [31].
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Appendix A: Unitary operator
Here we provide some details on the derivation
of the evolution operator in Eq. (3). The
procedure follows the one outlined in Refs. [13,
25]. We start by considering the evolution operator
U(t) = e−i(a
†a)ωcte−i(b
†b)ω˜t+i(k˜a†a+S˜)(b†+b)ω˜t relative to
the Hamiltonian in Eq. (2) and introduce the transla-
tion operator T = e−(k˜a†a+S˜)(b†−b). We know that the
identity T f({Yi})T † = f({T YiT †}) is satisfied for any
function f , unitary T and set {Yi}. By using the following
transformations T bT † = b+ (k˜a†a+ S˜), T a†aT † = a†a,
T b†bT † = b†b+(k˜a†a+S˜)(b†+b)+k˜2(a†a)2+2k˜S˜a†a+S˜2,
one can find T U(t)T † = e−i(a†a)ωcte−i(b†b)ω˜tei(k˜a†a+S˜)2ω˜t.
Multiplying on the left by T † and on the right by T , and
subsequently swap the last two exponentials, we get
U(t) = e−i(a
†a)ωctei(k˜a
†a+S˜)2ω˜te(k˜a
†a+S˜)(b†−b)
× e−(k˜a†a+S˜)(b†e−iω˜t−beiω˜t)e−i(b†b)ω˜t,
(A1)
where we have used e−i(b
†b)ω˜t[a†a(b† − b)]ei(b†b)ω˜t =
a†a(b†e−iω˜t − beiω˜t). Finally, by applying Baker-
Campbell-Hausdorff formula we combine the third and
fourth exponentials and retrieve the result given in Eq.
(3).
6Appendix B: Mechanical thermal state
Starting from the state in Eq. (4), where the mirror is
initially in a coherent state |β〉, the total density operator
of the system can be written as
ρ(t) = e−|α|
2∑
m,n
αnα∗m√
n!m!
ei(k˜
2(n2−m2)+2k˜S˜(n−m))(ω˜t−sin ω˜t)
× eik˜(n−m)(βr sin ω˜t+βi(1−cos ω˜t))
× |n〉f〈m| ⊗ |γn(t)〉m〈γ∗m(t)| .
(B1)
We know that a thermal state corresponds to a sta-
tistical mixture of coherent states defined by ρm =
(pin¯)−1
∫
d2β e−|β|
2/n¯|β〉m〈β|, where n¯ = 1/(e~ω/(kbT )−1)
is the average thermal occupation number. By computing
such a weighted average with the expression in Eq. (B1)
and tracing out over the mechanical degrees of freedom
we obtain the field reduced density matrix for an initial
mechanical thermal state,
ρf(t) = e
−|α|2∑
m,n
αnα∗m√
n!m!
ei(k˜
2(n2−m2)+2k˜S˜(n−m))(ω˜t−sin ω˜t)
×e−k˜2(n−m)2(1−cos ω˜t)(2n¯+1)|n〉f〈m| . (B2)
We can verify from Eq.(B2) that the reduced density
matrix of the field is independent of the initial thermal
fluctuations of the mirror.
As discussed in the main text, homodyne detection
corresponds to projecting on the quadrature operator
Xφ = (1/
√
2)[ae−iφ + a†eiφ], where a is the optical field
operator that exits the cavity. The first step to compute
the expectation value of Xφ is therefore to evaluate the
mean value of the optical field, which results in
〈a〉 = Tr[aρf ]
= αe−k˜
2(1−cos ω˜t)(2n¯+1)e−Np{1−cos[2k˜2(ω˜t−sin ω˜t)]}
×ei(2k˜S˜+k˜2)(ω˜t−sin ω˜t)eiNp sin[2k˜2(ω˜t−sin ω˜t)]. (B3)
This gives us the phase acquired by light after a time t.
We remark that the mirror being initially in a thermal
state affects only the visibility of the interference fringes
reducing the amplitude of the coherent field [11]. However,
no visibility reduction occurs at every mechanical period,
i.e. when the measurements are performed.
Appendix C: Equilibrium position
As we have discussed, it is key for the accuracy of
the estimation protocol to start with the mechanical
oscillator at equilibrium. Here, we evaluate such
an equilibrium length of the cavity L with respect
to the horizontally oriented value L0, assuming a
homogeneous spherically symmetric Earth. From the
equilibrium condition of the mechanical oscillator defined
by ω˜2x = g(x), with g(x) = GM/(R − x)2, G the
gravitational constant and M the mass of the Earth, we
get ω˜2x ' g − (∂g/∂x)x = g − (2GM/R3)x. This gives
us x ≡ δL = L − L0 ' (g/ω2)(1 − 2GM/(ω2R3)) and
therefore, L ' L0 + (g/ω2)(1− 2GM/(ω2R3)), where we
have neglected terms of the order O(GM/(ω2R4)). At the
same order of approximation the optomechanical coupling
reads g˜0 = (ωc/L)
√
~/2mω˜ = g0(1 − GM/(R2L0ω2)),
with g0 = (ωc/L0)
√
~/2mω the optomechanical coupling
for a horizontally oriented cavity.
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